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A. Structural and technological choices 
The motor that has to be designed is a wheel motor which propels a solar vehicle during a race. The structural and technological 

choices depend on this situation.  Indeed, the materials and the manufacturing costs are not essential while the motor efficiency and 
the axial bulk are the key points. 

Therefore, a brushless DC motor with surface SmCo magnets, concentrated windings, radial flux, and outer rotor [6] is preferred as 
explained in [7]. An inverter with hysteresis regulated current drives the motor by using the information of three Hall sensors. 

B. Equations for sizing 
Generally, it is easier to start from the geometrical dimensions of a device and to deduce its specifications, such as efficiency and 

temperature. This is called a direct model and requires iterative optimisation techniques to be reversed, i.e. leads to geometrical 
dimensions when the specifications of the device are known. The non-iterative computation of the geometrical dimensions can be 
made by using some hypotheses that lead to an inverse model which is simpler and suitable for the pre-sizing of the device. 

The constitutive analytical equations are non-linear and describe physical phenomena in various fields, e.g. thermal, mechanical, 
magnetic, and electrical. Their origin is described as well as possible precaution when using them. 

1) Electromechanical conversion 

The expression of the electromagnetic torque C can be obtained from the electromagnetic power given in (1): 
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where Ω  is the rotation speed, m is the number of phases, ie  is the electromotive force (EMF) of phase i, and  ii  is the current in 
phase i. In the case of a brushless DC with three phases and square-wave currents, the EMF is equal to +E during 120 electrical 
degrees, zero or an indeterminate value during 60 electrical degrees, -E during 120 electrical degrees, and zero or an indeterminate 
value during 60 electrical degrees. For a wye connection, two phases are on simultaneously and the waveform of the current is as 
shown in fig. 1 with a peak value equal to +I. Therefore, at constant speed, the electromagnetic power is constant and (1) becomes: 

 IEC ⋅⋅=Ω⋅ 2  (2) 

2) Lenz’s law 

The EMF is computed from the variation of the flux linkage of one coil by using the Lenz’s law. When the rotor’s displacement is 
equal to the pole pitch, i.e. pπ , a south magnet takes the place of a north magnet and the flux φ  reverses, thus: 

 

 
 

Fig. 1. Electromotive forces, currents, electromagnetic powers for the three phases, and 
electromagnetic torque resulting. A vertical line is placed all 60 electrical degrees. 
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where n is the number of supplied conductors, that is the two third of the total number of conductors, and the number of magnets is 
p⋅2 . The flux φ  is given when a north magnet is just in front of the coil: 

 pe SB ⋅=φ  (4) 

where pS  is the surface of a magnetic pole, and eB  is the maximum magnetic induction in the air gap. Equation (3) is built from the 

hypothesis of a by parts linear variation of the flux versus the rotor position. This gives to a constant by parts EMF. By combining 
(2), (3) and (4), the electromagnetic torque expression becomes: 

 
π⋅

⋅⋅⋅=
2

e
e

S
BInC  (5) 

 pe SpS ⋅⋅= 2  (6) 

where eS  is the total area of the air gap. Equation (5) shows that the electromagnetic torque produced by a brushless DC motor 
(BLDC) is proportional to the air gap area multiplied by the magnetic induction in the air gap and In ⋅ , that is the magnetomotive 
force (MMF) created by the coils. 

For a radial flux BLDC motor, the total air gap area is: 

 mse LDS ⋅⋅= π  (7) 

where sD  is the bore (stator) diameter and mL  is the magnetic length of the motor, that is the length of the stack of metal sheets. 
Equations (3), (4), (6) and (7) lead to : 

 Ω⋅⋅⋅⋅= mse LDBnE
4

 (8) 

A more general approach can be used to give the expression of the electromotive force. Figure 2 presents a simplified view of the 
magnetic parts in the vicinity of the air gap. Their characteristics condition the EMF waveform. With the hypotheses of a constant air 
gap thickness and purely radial magnetic induction in the air gap and magnets, the waveform of the magnetic induction in the air gap 
is as shown in fig. 3. The flux across the coil is computed by integration of the magnetic induction on the area enclosed by the coil 
borders, defined by the angle α  in the cross section. Similarly, the EMF is calculated by derivation of the flux across the coil, giving 
then the waveforms presented of fig. 4.  Let's note that the expression of the EMF is unchanged but that it is now possible to fix the 
width of the magnets and the opening of the coils so that the flux is maximum, in accordance with (4), and that the plateau of EMF is 
the largest possible  : 

 
p
πα =  (9) 

 
p
πβ =  (10) 

FEA have been requested to refine this first analytic approach [8]. An analysis of sensitivity of the width of the plateau of EMF 
indicated the same tendencies that the analytic approach. However, the variation is non-linear for the parameters α  and β . Besides, 
it has been shown that an intermediate tooth in the middle of every slot was necessary to get a trapezoidal EMF and that the width of 
its widening iα  has a strong influence. The following relation has been established for a structure with a ratio of the number of slots 
on the number of magnets equal to 3/4 and assuming that the stator is sufficiently smooth so that the distribution of the induction in 
the air gap is in conformity with the hypotheses but not too much to avoid to create a magnetic shunt between coils. 

 
 

Fig. 2. Vicinity of the air gap, magnets and coils of the stator 
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3) Geometrical relations 

The main geometric parameters are defined in fig 5. The distances are noted in Latin alphabet and the angles are noted in Greek 
alphabet. These parameters permit to write several relations of geometric nature: 

 ( )⎥
⎦

⎤
⎢
⎣

⎡
+⋅−⋅−⎟

⎠
⎞

⎜
⎝
⎛ −⋅⋅≈ ldliNhdeb

D
hdS e

s
enc ππ

2
2  (12) 

 
δ
InkS renc ⋅⋅=⋅

2
3  (13) 

 ( )hcrhaeDD sext ++⋅+= 2  (14) 
 ( )hcshdebDD sint ++⋅−= 2  (15) 

 ( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⋅−= 1

2cos
1

22cos αα
sDebhc  (16) 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅+⎥

⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⋅=

2
cos

2
cos1

2
iis hc

D
hi

αα
 (17) 

where encS  is the total section of the slots, 1<rk  is the slot filling factor, δ  is the current density in the conductors, extD  and intD  
are the outer and inner diameters, respectively and eN  is the number of slots. The height of hold hc  is calculated to get a right angle 
between the main tooth and the pole shoe. The central thickness of the widening of the intermediate tooth hi  is calculated so that the 
height to the extremity of an intermediate tooth is the same that the one of a main tooth, that is hc , and that there is a right angle 
between the intermediate tooth and its shoe. 

 
 

Fig. 3. Magnetic induction waveform in the air gap 
 

 

 
Fig. 4. Flux and electromotive force waveforms  
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The means radius of a coil end can be approached by: 
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The medium length of a half turn is therefore: 
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where 1<foik  is the bulk factor of the metal sheets. 

It is also possible to calculate the total axial length of the motor  totL  as well as the masses of the different active parts: 
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where aM , crM , csM , dsM , cuM , ad , crd , td  and cud  are the mass and the density of the magnets, the rotor yoke, the stator 
yoke, the teeth of the stator and the copper, respectively. totM  is the total mass of the active parts and foirs kr 12.1 ≥≥  is the ratio 

of the length of the rotor on the one of the stator. 

4) Flux conservation 

The average magnetic induction in the teeth is dB , aB  in the magnets, crB  in the rotor yoke, and csB  in the stator back iron. 
Figures 6 and 7 help towards the understanding of the following equations. The conservation of the flux between a main tooth and its 
widening, named pole shoe, gives: 
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Fig. 5. Geometric parameters of the BLDC motor with radial flux, 
concentrated winding, permanent magnets and outer rotor 
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The same relation applies between an intermediate tooth and its widening: 
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The thickness of the pole shoe is calculated to permit the passage of the flux received by the part of the pole shoe passing the main 

tooth, so, the flux conservation gives: 
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Half of flux crossing the magnet leaves one side of the rotor yoke whereas other half leaves the other side, thus the conservation of 
flux between the magnet and the rotor yoke gives: 
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In the same way, the conservation of flux between the main teeth and the stator yoke leads to: 
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Finally, the conservation of the flux between a magnet and a main tooth in conjunction gives: 
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where 1<fuik  is a leakage coefficient, determined by finite element simulations, that express the fact that the leakage flux between 

magnets cross the rotor and a part of the air gap but doesn't reach the stator. 

 

 
 

Fig. 6. Magnetic flux in the motor at no-load. A magnet is facing the 
tooth of the middle. 

 

 
 

 
Fig. 7. Magnetic induction (BMOD) in the motor at no-load. 
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5) Ampere’s law 

It provides a relation between the geometric parameters of the magnets, those of the magnetic circuit, the MMF created by the coils 
and the magnetic inductions in the different parts. 

At no-load, Ampere’s law gives: 
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where crµ  and tµ  are the relative magnetic permeabilities of the rotor yoke and sheet metal that depend on the induction level. aµ , 

rB , 0<aα  and aT  are respectively the relative permeability, the remnant induction of the magnets to 0°C, its thermal coefficient 
and the temperature of the magnets. 

While supposing that the magnetic permeabilities of the sheet metal and the rotor yoke are more than 1000 times superior to the 
one of the vacuum and therefore that the MMF consumed in the magnetic circuit is negligible in relation to those consumed in the air 
gap, (33) simplifies itself by: 
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When the motor is in charge, some current circulates in the coils. For an abnormally high current, the magnetic induction in the 
magnets can reach a critical value provoking a demagnetisation. The induction being then weak, the magnetic permeability is high 
and it is justified to disregard the MMF consumed in the magnetic circuit. For a critical magnetic induction in the magnets cB , the 
phase current takes its admissible peak value and Ampere’s law becomes, while exploiting  (32):  
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6) Calculation of losses 

The resistance of a phase is: 
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where cuρ  is the resistivity of the copper to 0°C, 0>cuα  is its thermal coefficient, and  cuT  is the temperature of the coils. The 
copper losses are therefore: 
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The frequency of the fundamental is: 
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The iron losses are: 
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where tq  represent the specific loss for a frequency  tf  and an induction tB . The efficiency is: 
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where mP  are the mechanical losses. 
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7) Thermal model 

The thermal model is very simple. On one hand, it is supposed that the thermal resistances of conduction are always very lower 
than the thermal resistances of convection. Thus, the temperature is the same in all pieces of the stator in contact, which are the coils, 
the teeth and the stator yoke. 

On the other hand, even though the stator and the rotor are not in contact that by the rolling; big surfaces are face-to-face with a 
space of air of the order of the tenth of millimetre. In these conditions, the captive air is modelled like a material of weak thermal 
conductivity. In spite of it, the thermal resistance between rotor and stator is weak since it is equal to the thickness of air divided by 
the thermal conductivity and the surfaces that are face-to-face. Thus, the gradient of temperature inside the motor is weak and it is 
supposed that all active materials have the same temperature:  

 cua TT =  (41) 

In the hypothesis of a closed motor, the outside surface of the motor on which occurs the convection is: 

 totextextext LDDS ⋅⋅+⋅= ππ 2
2
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The temperature of the motor is therefore: 
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where h  is the coefficient of convection in air and extT  is the temperature of the ambient air. 

8) Converter 

The knowledge of the inductance of the motor is essential to the survey of the commutations in the phases. Its value is calculated, 
during a steady rotor simulation, while replacing the magnets by air and while supplying two phases in series (fig. 8). The inductance 
of phase is given by: 

 rcrcph IL ψ=⋅  (44) 

where rcI  is the current during this steady rotor trial and rcψ  is the total flux, seen by the phase, produced by this current. It 
decomposes in a radial flux that crosses the air gap entψ  and tangent fluxes in the slots encψ  and in the pole shoe becψ  (fig. 8): 

 ( )becencentrc ψψψψ +⋅+⋅= 2
2
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The coefficient 3/2 permits to take into account the mutual fluxes with the other phases whereas the coefficient 2 indicates that the 
slots and pole shoes surrounding the tooth are crossed by the same leakage flux. 

By using Ampere’s law, it can be found that the magnetic induction in a rectangular slot is expressed with:  
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where encl  is the width of the slot, ench  is the height of the slot, encn  is the number of conductors in the slots, and x  is the distance 
from the bottom of the slot, at the opposite of the air gap. Therefore, the flux crossing a rectangular slot is: 

 

 
 

Fig. 8. Flux during a steady rotor FEA, magnets removed. 
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Using the parameters of the motor, the flux per current unit expresses as: 
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Ampere’s law gives the flux per current unit across the air gap and the pole shoe: 
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Equations (44) and (45) give: 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⋅+⋅=

rc

bec

rc

enc

rc

ent
ph III

L
ψψψ

2
2
3  (51) 

Only the relations (48) to (51) will be used during the sizing for the calculation of the inductance in which the current rcI  
disappears. 

The converter's role is to supply the phases of the motor as shown in fig. 1. All 60 electric degrees, a commutation occurs. In the 
one drawn in fig. 9 to 11, the current of the phase 3 goes from  I+  to 0 whereas the one of the phase 1 goes from 0 to  I+  and the 
one of the phase 2 maintains itself to I− . 
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Kirchhoff’s laws (fig. 11) give: 
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where DCU  is the voltage of the DC bus. The electromotive forces during the commutation (in the middle of fig. 9) are: 
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where 1>vk  is the ratio between the half of the voltage of the DC bus and the electromotive force at the rated speed. Thus, the 
current in phase 1 is governed by the following differential equation: 
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Its expression is therefore: 
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The current reaches its peak value to the time: 
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Fig. 9. State of the electromotive forces during the commutation 
 

 
Fig. 10. Currents in the phases during the commutation 
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Fig. 11. Simplified circuit during the commutation 
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In the same way, the expression of the current in phase 3 is: 
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It appears that the current in phase 3 decreases with a slop different of that of the growth of the current in the phase 1. Thus, 
according to the speed of the motor and the coefficient vk , the current in phase 2 won't be constant and will present a hollow or a 
peak. In the sizing process only the equations (55) and (58) will be used to verify that the rise time of the current is reasonable. 

The coefficient vk  has a direct influence on the maximal speed of the motor at no-load maxΩ  : 
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With (55), (60) becomes: 

 Ω⋅=Ω vmax k  (61) 

Only (55), (58), and (61) are used in the sizing program. 

9) Material properties 

The known material properties are: 5.0=rk , TBr 045.1= ,  TBc 05.0= , 14105 −−⋅−= Kaα , 05.1=aµ , 
17104 −− ⋅⋅⋅⋅= AmTo πµ , mohmcu ⋅⋅= −81072.1ρ ,  13108.3 −−⋅= Kcuα , 37850 −⋅= mkgdt , 37400 −⋅= mkgda , 

38950 −⋅= mkgdcu , 37850 −⋅= mkgdcr , 15.2 −⋅= kgWqt , Hzft 50= , TBt 5.1= , 1210 −− ⋅⋅= KmWh , CText °= 50 , and 
95.0=foik . 

The structure is characterized by the following relation between the number of slots and the number of magnets: pNe ⋅=
2
3 . The 

mechanical losses are estimated to WPm 15= . Finally, the leakage flux coefficient is identified by FEA: 8.0=fuik . 

10) Specifications 

The specifications give the nominal torque as well as the rated speed: mNC .20=  and 1.30721 −⋅=Ω sradπ . The maximal speed 

reached at no-load is specified also 1301442 −⋅⋅=Ω sradmax π . 

II. RESULTS OF THE SIZING 
The input parameters have the following values: mmDs 189= , TBe 75.0= , ²/3 mmA=δ , TBd 8.1= , TBcs 8.0= , 

mmLm 45= , 11.1=rsr , mme 8.0= , VU DC 120= , TBcr 2.1= et 6=p . The unknowns are calculated then from data of the 
specifications, the material properties and the sizing equations. The results are given in the order of resolution: °= 30α , °= 30β , 

°= 6iα , 2=vk , AI 168.25= , 162.249=n , mmli 123.4= , mmld 617.20= , mmeb 569.6= , mmhcs 194.23= , TBa 838.0= , 
mmhcr 413.17= , ²6271 mmSenc = , mmhd 934.24= , mmDint 607.79= , Hzf 1.72= , mmhc 467.3= , mmhi 591.3= , 
mmRtb 294.17= , mmLds 7.101= , mmLtot 929.95= , kgM cs 646.2= , kgM ds 862.2= , and WPf 096.21= . This resolution is 

sequential.  
The 7 equations solved simultaneously give: CTT cua °== 4.102 , mmha 091.4= , mmDext 608.233= , Ω= mR ph 36 , 

WPj 713.45= , ²156.0 mSext = . 

The continuation of the calculations is sequential: AImax 44.278= , kgM a 925.0= , kgM cr 637.4= , kgM cu 854.2= , 

kgM tot 924.13= , %812.94=η , AWbI rcenc /10351.4 5−⋅=ψ , AWbI rcent /10399.7 4−⋅=ψ , AWbI rcbec /1083.7 5−⋅=ψ , 
mHLph 353.1= , and mst 572.01 = . 

 
                                                           
 


